Abstract. Assuming the existence of a Mahlo cardinal, we produce a generic extension of Gödel's constructible universe L, in which the GCH holds and the transfer principles (ℵ 2 , ℵ 0 ) → (ℵ 3 , ℵ 1 ) and (ℵ 3 , ℵ 1 ) → (ℵ 2 , ℵ 0 ) fail simultaneously. The result answers a question of Silver from 1971. We also extend our result to higher gaps.
Introduction
In this paper we study cardinal transfer principles introduced by Vaught [6] , [7] , and prove some consistency results related to them.
Assume L is a first order language which contains a unary predicate U. For any natural number n ≥ 1, by the gap-n-cardinal transfer principle we mean the statement ∀κ ∀λ (κ +n , κ) → (λ +n , λ).
In [5] , Silver proved the independence of gap-2-cardinal transfer principle. Starting from an inaccessible cardinal, he was able to produce a model in which the cardinal transfer (ℵ 3 , ℵ 1 ) → (ℵ 2 , ℵ 0 ) fails. His proof is simply as follows: By a result of Vaught [7] , there
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On the other hand 
We give an affirmative answer to this question by proving the following theorem: 
Then we prove a general model theoretic fact, and use it to extend the above result to higher gaps:
. Assume κ is a Mahlo cardinal. Then there is a generic extension of L
in which the GCH holds and for all n ≥ 2, the cardinal transfer principles 
Then in a generic extension of L, the GCH holds and both transfer principles
In Section 2 we prove Theorem 1.3 and in Section 3, we prove Theorem 1.4. In the last section, we discuss the same problem for the case of gap-1.
Proof of Theorem 1.3
In this section we prove Theorem 1.3.
2.1. On a result of Jensen. In this subsection we state a result of Jensen [4] and mention some of its basic properties which are needed. Let L = {∈, A, C}, where A is a unary predicate and C is a function symbol. Let T J be the following theory in L: 
Proof. As requested by the referees, we sketch the proof of the theorem, by providing the forcing construction P β,κ , and refer to [4] for details. Let G be Col(β + , < κ)-generic over V , where
is the Levy collapse. The next claim is standard.
Claim 2.2. (a)
The forcing Col(β + , < κ) is β + -closed and κ-c.c.
In [4] , the following strengthening of Claim 2.2(c) is proved. 
where γ α is the least ordinal γ > α such that γ > sup ν<α γ ν and
where S *
and define the sequence ρ ν : ν < κ by recursion on ν as follows: ρ ν is the least ordinal ρ > β + such that
• cf (ρ) = β + .
•
and for ν > 0 setŨ
Then set
We are now ready to define the desired forcing notion, that we denote by Add(♦ (2) α ∈ p =⇒ã ν ∩ α ∈ M α .
Add(♦ + β + ) ν is ordered by end extension:
Let us now define Add(♦ Let H be Add(♦
. The next claim is proved in [4] .
, we have β + -Kurepa trees.
2.2.
Completing the proof of Theorem 1.3. In this subsection we complete the proof of Theorem 1.3. Thus assume V = L and let κ be a Mahlo cardinal. Let λ be the least inaccessible cardinal. So λ < κ. Let G be Col(ℵ 1 , < λ)-generic over L. Then:
Proof. (a) and (b) hold by [5] , and (c) is clear, as the forcing Col(ℵ 1 , < λ) has size < κ. 
= λ, which is inaccessible but not Mahlo in L, so it follows from results of Jensen and Solovay (see [2] )
this. Consider the model
where ℵ 0 is considered as the interpretation of A.
The theorem follows.
3. A general model theoretic fact and the proof of Theorem 1.4
In this section we prove a general model theoretic fact, and use it to prove Theorem 1.4.
3.1.
A general model theoretic fact. In this subsection we prove the following lemma and consider some of its consequences. 
. . , F n } where < is a binary predicate symbol, W i 's are unary predicate symbols, F −1 is a binary predicate symbol and F i 's, 0 ≤ i ≤ n, are ternary predicate symbols. Let T + consists of the following axioms:
(1) φ Wn , for each φ ∈ T, where φ Wn is the relativization of φ to W n .
(2) < is a linear ordering of the universe.
(3) Under <, each W i is an initial segment of W i+1 , i < n, and W n is an initial segment of the universe (in particular
each n ≥ 2, the transfer principles
The case of gap-1 and some problems
In general, we can not hope to prove a result as above for gap-1-cardinal transfer principles. This is because of Vaught's theorem [7] that the transfer principle (β
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